INTRODUCTION

Ž .
We analyze certain subgroups of SO 3 motivated by polyhedral tilings of Euclidean 3-space. The tilings are made by a general iterative procedure and consist of congruent copies of some finite set of polyhedra. Our interest here is in the relative orientations of the polyhedra in such a tiling.
An example called ''quaquaversal'' tilings, consisting of congruent copies w x Ž . of a single triangular prism, was analyzed in CoR . Let G p, q be the group of rotations in 3-space generated by rotations, about perpendicular axes, by 2rp and 2rq. In a quaquaversal tiling the orientations of any Ž . two prisms are related by an element of G 6, 4 . More precisely, in any cube of side 2 n , the relative orientations of the prisms are words of length Ž .
Ž . Ž . j n or less in the generators of G 6, 4 , where j n is a function that grows Ž . linearly with n. All words of length k n or less arise in this manner, where Ž . k n also grows linearly with n. To show that the number of distinct orientations in such a cube grows exponentially in n, presentations of the Ž . Ž . w x subgroups G 3, 4 and G 3, 3 were derived in CoR . In that paper the rotations are represented by conjugation of real quaternions, and the results are unique factorizations for certain elements in noncommutati¨e subrings of quaternions.
Ž . In this paper we extend the analysis to all groups G p, q , p, q G 3, using a somewhat simpler method. We represent the rotations by explicit Ž . SO 3 matrices, and obtain our factorization theorems by applying commu-Ž . tati¨e ring theory to the individual matrix elements. We prove that G p, q is the free product of the cyclic groups of rotations about the separate axes Ž . if and only if both p and q are odd. If p or q is even, we can write G p, q as the amalgamated free product of two finite groups. In all cases we Ž . Ž obtain canonical forms for the elements of G p, q . We note the follow-Ž . Ž . ing: if p or q is 1, G p, q is a finite cyclic group; if p or q is 2, G p, q is Ž . a finite dihedral group; G 4, 4 is the finite group of symmetries of the Ž . Ž .. cube; all the other G p, q are dense in SO 3 .
The organization of the paper is as follows. Our main results, presenta-Ž . tions of the groups G p, q and canonical forms for the group elements, are given in Section 1 and Section 2, respectively. In Section 3 we describe a new tiling for which the orientations of the polyhedra are given by Ž . Ž . G 10, 4 . In Section 4 we consider orientation groups G , 4 , where the angle of rotation is an irrational multiple of 2 . First we describe a new 4 y1 Ž Ž . . tiling with orientation group containing G tan , 4 and find a presen-3 Ž . Ž . tation of that group. Then we discuss the case of G , 4 where exp i is transcendental.
PRESENTATIONS FOR G p, q
In this section we state and prove a classification theorem for the groups Ž . G p, q . After stating the theorem and deriving some corollaries, we begin the proof. We first reduce the theorem to Lemma 1, then reduce Lemma 1 to Lemmas 2 and 3, and then prove Lemmas 2 and 3. Although the statement of the theorem is group theory, much of the proof, and in particular Lemmas 2 and 3, is commutative ring theory.
Given positive integers p, l, and q, we define rotations A s R 2 r p , x L s R 2 r l , S s R 2 r4 , and B s R 2 r q , where R 2 r p is a rotation about y y z x Ž . the x-axis by angle 2rp, etc. Let G p, l, q be the group generated by A, Ž . Ž . L, and B, and let G p, q ' G p, 1, q be the group generated by A and B. 
These results can be rephrased in terms of free products and amalgamated free products. where the D subgroup is generated by R r2 and R . In Theorem 2 we 4 x z Ž . construct a canonical form for G m, 4, 1 , which can then be applied to this case.
Ž . Ž .
Ž . Proof of the Theorem. In cases i , ii , and iii , we consider the natural ² Ž .: Ž . map from the abstract group ␣, ␤ : relations to G p, q , which sends ␣ to A and ␤ to B. In each case the relations get mapped to the identity matrix ‫,މ‬ so the maps are well-defined. Since A and B are in the image of , is onto. We must show that is 1᎐1. To do this we show that every element g / e of the abstract group can be written as a word in ␣ and ␤ in a canonical way, and that the corresponding word in A and B is not equal to the identity matrix. The key to understanding these words is the following lemma, which we assume at this point, and prove after giving the rest of the proof of our theorem. 
We use Lemma 1 with m s pq. Note that A s T q and B s S 3 T p S. An arbitrary element of the abstract group is a word in ␣ and ␤. Using the relations ␣ p and ␤ q such an element g can always be put in the formã
Ž .Ž . Ž . with each a g 0, p and each b g 0, q , except a and b , which maỹĩ i 1 n Ž . Ž . equal zero. In cases ii and iii we will use the given relations to put Ž . further restrictions on the a 's and b 's. The matrix g then equals
where a s qa and b s pb . We will show that, if g / e, this matrix So is 1᎐1.
Ž .
ii Assume p G 4 is even and q G 3 is odd. By applying the identity 
riting x a in the form x a s y u z¨, we distinguish each factor by whether Ž . Ž .s0 mod s or¨/ 0 mod s . Let I be a maximal extension of the ideal Ž . 1qy ;R. We need two further lemmas, whose proofs we again defer. with ␣, ␤, ␥ , ␦ nonzero elements of the field RrI. But the product of two Ž . or more matrices of this form again takes this form, so
where F is the appropriate product of the F 's, again takes this form.
i Ž . Matrices in the group G 4, 4, 1 are, up to sign, permutation matrices, so
Ž .
has 4 matrix elements that are nonzero in RrI. But F times the identity matrix is clearly zero modulo I, so
Proof of Lemma 2. We prove this first for the 2, 2 entry x q x s u¨yu y¨u¨yu y¨Ž
. u y z q y z . Assume y z q y z gI. Since 1 q y g I, yy y 1 s w xw Ž . Ž . 2 Ž . uy1 x Ž . u¨ÿ 1qy 1q yy q yy q иии q yy g I and so yy z y z g Ž . yu Ž . yu y¨yÏ . Similarly, yy y 1 g I, so yy z yz gI. This implies, using y u z¨q y yu z y¨g I, that z¨q z y¨g I. We now show that this implies Ž . 1gI, which is a contradiction which proves the lemma for the 2, 2 entry.
Multiplying by 1 q z q z q иии qz we see that z q z q˜˜˜˜˜3
We now consider two cases. If s s 1 mod 4 , takẽŽ . ks sy5r 4, obtaining that z q z q z q иии qz g I. But 1 q z q˜˜˜2
z qz qиии qz s 1 y z r 1 y z s 0, so z q z q z q иии q˜˜˜˜˜˜s y1 Ž . z s y1, which implies 1 g I. Alternatively, if s s 3 mod 4 take k s Ž . . Now consider the other entries. The 1, 3 entry is just plus or minus the Ž .
Ž . Ž . Ž . 2, 2 entry. The 1, 2 and 2, 3 entries are up to sign of the form y uЈ z¨q y yu Ј z y¨, where uЈ s u q 2 ty2 . The above argument, with u replaced by uЈ, shows that these elements are in R but not in I.
Proof of Lemma 3. We essentially have to count the number w of Ž . Ž . w Ž u yu . factors 1 q y it takes so that 1 q y y qy is a multiple of 2 in w x Ž w x w x ‫ޚ‬ y . It is important to note that this takes place in ‫ޚ‬ y not ‫ޚ‬ x , as we . Ž. shall see. We first establish a few simple facts about powers of 1 q y . ty1 . follows from 1 , applied first to c and then to 2 .
. The coefficient of y is "1, not a multiple of 2. Now we write
The last term on the last line is always a multiple of 2. Now 2 u y 2 u Ј yu Ј ty2, the power of 1 q y needed to make y q y divisible by 2 is the same as that needed to make y u q y yu divisible by 2. So we have determined the critical power w such that multiplying by Ž . w w x Ž . 1qy puts the matrix elements in ‫ޚ‬ y but not in the ideal 1 q y 0 w x Ž . w x in ‫ޚ‬ y generated by 1 q y. 1 q y is a maximal ideal in ‫ޚ‬ y since 0 w x Ž . w x ‫ޚ‬ y r 1 q y is the field ‫ޚ‬ . Since I l ‫ޚ‬ y must be a proper ideal 0 2 w x w x Ž . in ‫ޚ‬ y , I l ‫ޚ‬ y must coincide with 1 q y , and so the matrix elements 0 cannot be in I.
This completes the proof of Theorem 1.
Ž . 2. CANONICAL FORMS FOR G p, q
In this section we construct canonical forms for elements of the groups 
Ž y1 . y1 Lemma 5 to g we see that the representation for g s g is unique, and the theorem is proved.
Proof of Lemma 4. There are 3 cases to consider, depending on whether m is odd, twice an odd number, or divisible by 4. In all cases we assume that g is not in H, since if g g H we can simply take W s ‫,މ‬ n s 0, E s g. Ž . Let m be odd. Any element g of G m, 4, 1 can be written as a word in the generators S and T, and hence takes the form Ž .
to shorten the word further. Since the word has finite length, this process must terminate, leaving us with an expression of the form
Ž . 
Ž .
2 a 1 using 2.3 , if needed, to push a factor of S past T . We then force Ž . 
WsS
, EsS . Our element g then takes the form 2.1 . Note that the specific numbers a may be changed in converting from i Ž .
Ž . Ž . the form 2.2 to 2.4 to 2.1 . In our usage a does not denote a fixed i number; rather, it denotes the ith exponent of T in a typical expression. Now suppose that m is twice an odd number. We proceed as before to Ž . Ž x reach the form 2.4 , with b odd and a g ymr2, mr2 and nonzero. We 
Ž .
At this point the argument that a q a X / "mr4 breaks down. However, 1 n X Ž . a is restricted to 0, mr4 . Either ya or mr4 y a , but not both, lie in DEFINITION. Let p and q be positive integers G 3 with p even and q not divisible by 4. Ž . A product 2.12 , with all exponents nonzero except perhaps a and b ,
, and may equal qr2 only if n s 1; for j ) 1, b g 1 j Ž . Ž . y q r 2, qr2 if q is odd and b g yqr4, qr4 if q is even. j Ž . A product 2.12 , with all exponents nonzero except perhaps a and b , : For i -n, a g ypr4, pr4 ; a g ypr2, pr2 , i n Ž x and may equal pr2 only if n s 1; b g yqr2, qr2 ; for j -n, b g n j Ž . Ž . y q r 2, qr2 if q is odd and b g yqr4, qr4 if q is even. j Ž . A product 2.12 , with all exponents nonzero except perhaps a and b ,
The differences between the canonical forms is just a matter of where to put factors of R and R . In L-canonical form they are placed at the left,
in R-canonical form they are placed at the right, and in C-canonical form R is moved left and R is moved right. If q is odd, R does not appear, Proof. The proof has several steps, and is quite similar in spirit to the Ž . proof of Theorem 2. First we show that any element of G p, q can be put into each of the canonical forms. Next we show that the only R-canonical form for the identity element is A 0 B 0 . Then we show that R-canonical forms are unique, by showing that each element in L-canonical form has a unique inverse in R-canonical form. Finally we show that L-canonical and C-canonical forms are unique by relating them to R-canonical forms of the same length.
Step 1. Since A and B generate G p, q , and since A s B s ‫,މ‬ Ž . Ž . any element of G p, q can be written in the form 2.12 with each Ž x Ž x a g ypr2, pr2 , each b g yqr2, qr2 , and with all terms except a Thus we can achieve the form 2.12 in which Ž . Ž . for i ) 1, 0 / a g ypr2, pr2 and for j -n, 0 / b g yqr2, qr2 .
i j Ž . Suppose q is odd. To put our expression in L-canonical or C-canonical Ž x form, we must adjust the exponents a , a ) 1 that are not in ypr4, pr4 j by "pr2, using the identity Step 2. We must show that a nontrivial word in R-canonical form cannot equal the identity. This is essentially a repeat of an argument in the Ž . Ž . proof of Theorem 1. Embed G p, q in G m, 4 Step 3. We show that every word in L-canonical form has at most one inverse in R-canonical form. We write g s
where g is in L-canonical form and g y1 is in R-canonical form. We show that, unless the aЈ's and bЈ's are all chosen correctly, the product gg y1 can be placed in a nontrivial R-canonical form, and so cannot equal unity. We proceed by induction.
Uniqueness of inverses is easy to check for n s 1. of length k q 1 with final exponent zero, and its inverse is uniquely determined by the argument of the previous paragraph. Ž . Since every element g g G p, q can be put in L-canonical form, this Ž . shows that each element g g G p, q has a unique inverse in R-canonical Ž y1 . y1 form. Thus g s g has a unique R-canonical form.
Step 4. We count the number of words of length n for any particular form by multiplying the number of choices for each a and each b . This i j Ž . n y 1 Ž . n y1 Ž number equals pq pr2 y 1 q y 1 if q is odd, and pq pr2 y . ny 1 Ž . n y 1 1 q r 2y1 if q is even, and is the same for R-canonical, L-canonical, and C-canonical forms. Now consider the set of R-canonical forms of length n or less. We have already shown that these can be converted to L-canonical forms of length n or less. Since the number of L-canonical forms equals the number of R-canonical forms, and since each R-canonical form corresponds to a Ž . distinct element of G p, q , each L-canonical form is achieved in this way exactly once. Thus distinct L-canonical forms of length n or less correspond to distinct R-canonical forms, and hence to distinct elements of Ž . G p, q . Since n is arbitrary, this shows that L-canonical forms are unique. A similar argument shows that C-canonical forms are unique.
DITE AND KART TILINGS
Ž . We construct here 3-dimensional tilings with symmetry group G 10, 4 , based on a version of the 2-dimensional kite and dart tilings. The new tilings consist of congruent copies of 8 elementary prisms, constructed as follows.
Consider the two right triangles of Fig. 1 which we denote by ␦ and . ␦ ' has legs of lengths 1 and 2 q and has legs of lengths and ' ' Ž . Ž 2qr , where s 1 q 5 r2, the golden mean. The triangles ␦ and are halves of the triangles S and S introduced by Raphael Robinson A B w x. in his version of the kite and dart tilings GrS . It is elementary to check that the small angle in ␦ is r10 and the small angle in is r5. We next introduce triangles ␦ and which are larger than ␦ and by a linear factor .
Ž . The constructions in Fig. 1 called deflation rules then show how these 4 triangles can be decomposed into congruent copies of triangles which are 2ẽ ach a linear factor smaller than ␦ , , ␦ , and .
FIG. 1. Dites and karts.
We thicken ␦ by two different depths to make two types of prisms, a ''short thin dite'' of depth 1 and a ''short thick dite'' of depth . Likewisẽ from ␦ we make a ''tall thin dite'' of depth 1 and a ''tall thick dite'' of depth . Finally, replacing ␦ by we make the analogous 4 types of ''karts.' ' We now make deflation rules for the prisms as follows, again shrinking by a linear factor of 2 . We begin with the karts. The short thin kart is deflated into a pair of layers. The ''top'' layer consists of short thin dites and karts which, when viewed from above, have Ž . the same pattern as the deflated 2-dimensional Fig. 1 . The bottom layer consists of short thick dites and karts in the same pattern. Since 2 s 1 q , the sum of the thicknesses of the two layers equals the thickness of the original thin kart.
The rule for the short thick kart is similar, only we now use 3 layers of short dites and karts: a top thin layer and 2 thick lower layers. Since Ž . 2 s 1q2 r , the total thickness of the deflated layers equals the thickness of the original thick kart.
The rules for the tall thin and thick karts are now immediate, replacing the short dites and karts in the deflated of by tall dites and karts.T he rule for deflating dites uses the deflation of ␦ and ␦ rather than that of and , with one added twist, based on the rectangles appearing˜Ž . in the deflations of ␦ and ␦ Fig. 1 . As with karts, the thin dites deflate into 2 layers and the thick ones into 3 layers. The deflation of each dite generates 2 or 3 parallelpipeds corresponding to the aforementioned rectangle. If the original dite is short, then the parallelpiped in the thin layer has 2 square faces, while if the original dite is tall, the parallelpipeds in the thick layers have 2 square faces. We then rotate the parallelpiped by r2 about the axis joining the centers of the square faces, as in Fig. 2 . This completes the deflation rules.
Given these deflation rules, the dite and kart tilings are obtained as follows. We begin with any one of the 8 prisms, say a short thick dite, deflate it, then expand the 10 resulting small prisms linearly by a factor 2 about some point. Next reposition the 10 prisms so that a copy of a short thick dite is sitting over the original position. By indefinitely repeating this process of deflation᎐expansion᎐repositioning one obtains the desired tilings of space.
What is the group of relative orientations for each species of tile? Since each species of tile, when deflated several times, gives rise to all species of tiles, the group does not depend on the species. We show that this group is Ž . G 10, 4 .
In the 2-dimensional ␦᎐ tiling, the group is D . One can see two ␦ one sees two ␦ tiles that differ by reflection, and two ␦ tiles that differ by rotation by 6r5. The reflection and these two rotations generate D .
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In the 3-dimensional dite-and-kart tiling, one has the same generators, plus the twist of the square-faced parallelpipeds. The twist introduces a rotation by r2 about a perpendicular axis, and extends the group to Ž . G 10, 4 .
ALGEBRAIC AND TRANSCENDENTAL ROTATIONS
So far we have considered groups generated by rotations by angles that are rational multiples of 2 . In this next example we consider rotations by irrational multiples of 2 . Our first example comes from a 3-dimensional w x Ž . version of the pinwheel tiling Rad Fig. 3 .
Consider the right triangle with legs 1 and 2, and the deflation of it given in Fig. 4 , which decomposes into 25 congruent triangles each similar to and smaller by a linear factor of 5. We fatten by width 1 to make a triangular prism we call the ''wedge.'' We now give a deflation rule for the wedge, consisting of 5 identical layers each looking almost like Fig.  4 from one direction but with an added complication similar to that which arose in the deflation rules for dites. Note the heavily outlined rectangle in Fig. 4 consisting of 2 small triangles meeting along their hypothenuses. When these triangles are fattened to become wedges and appear in the 5 layers of the deflation rule for a wedge, these pairs of wedges do not appear in their original orientations but are first rotated about the axes joining the centers of their square faces, just as we did for dites.
Given this deflation rule for wedges, ''wedge tilings'' are made by infinite repetition of deflation᎐expansion᎐repositioning, just as for dite and kart tilings. We now analyze the relative orientations of the wedges in such a tiling. group of relative orientations is generated by rotation by , rotation by r2, and reflection. In the 3 dimensional wedge tiling, the group is r2 r2 Ž . generated by R , R , and R . We consider the subgroup G , 4, 1 w x Ž . to the free group ␣ , ␤ , with ␣ ¬ R and ␤ ¬ R Swi . Since cos s x z 3 r 5, Corollary 3 is a special case of Swierczkowski's theorem.
Proof of Lemma 6. As in the proof of Lemma 1, we consider products F ST a , where F is a numerical factor, show that all the matrix elements a a
